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Abstract. We study the geometry of the moduh space Mo,„(G(2, 4), d). 
We consider a particular stratification of this moduli space. As an appli- 
cation we compute the degree of the variety parametrizing rational ruled 
surfaces with a minimal directrix of degree ^ — 1 by studying divisors 
in this moduli space of stable maps. 

1. Introduction 

The geometry of the Kontsevich's moduh space M g^ni^'" , d) of degree d 
stable maps from n-pointed, genus g curves to P'' has been studied inten- 
sively in the literature. R. Vakil studied its connection with the enumera- 
tive geometry of rational and elliptic curves in projective space in [Vak| . R. 
Pandharipande studied the theory of Q— Cartier divisors on this space in 
[Panlj and proved an algorithm for computing all characteristic numbers of 
rational curves in P*". R. Pandharipande also computed the degree of the 
1-cuspidal rational locus in the linear system of degree d plane curves. 

The enumerative geometry of rational ruled surfaces of degree d in p3 IS 
closely related to the intrinsic geometry of the moduli space Mo,n(G(2, 4), d), 
of Kontsevich stable maps from n— pointed genus curves to the Grassman- 
nian G{2, 4) of lines in P^, representing d times the positive generator of the 
homology group H2{G{2,4),Z), (see fMarj ). 

In [Mar] we solved the enumerative problem of computing the degree of the 
Severi variety of degree d rational ruled surfaces in the ambient projective 
space of surfaces of degree d in P^. Here we study the more refined problem 
of enumerating rational ruled surfaces with a fixed directrix of minimum 
degree. In particular we compute the degree of the codimension one subva- 
riety of rational ruled surfaces with a minimal directrix of degree ^ — 1 by 
intersecting divisors in the moduli space of stable maps Mo,o(G'(2, 4), d). 

In a first step, we use the variety of degree d morphisms from P^ to 
the Grassmannian G(2,4), as a parameter space for parametrized rational 
ruled surfaces in P^. We consider a certain stratification of the variety E!^ 
defined as follows. If Q is the universal bundle on G(2,4), the stratum is 
defined by the following locally closed condition: 

i?0 ^ = {/ G dim {F\ f*Q}^ Opi(-a - 2)) > 1 and 
dim H^{F\f*Q'^ (^Opii-a-1)) = 0}. 
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This has a geometrical interpretation as rational ruled surfaces with a mini- 
mal directrix of degree a. First, we consider the closure Rd^a of the stratum 

^ in the Quot scheme compactification of the space of morphisms 
We prove that the subschemes R^^a are irreducible and have the expected 
codimension. We give an explicit formula for their Poincare duals derived 
from Porteous formula. In the last section, we consider their closure in the 
Kontsevich compactification of stable maps Mo,3(G(2,4), d). We show that 
the given stratification of the space can be extended to Mo.3(G(2, 4), d), 
but in this case the codimension of the stratum is different, that is, not all 
boundary points correspond to closure points of the open set ^, except for 
the big stratum of rational ruled surfaces with a minimal directrix of degree 
^ — 1. In this case we compute its degree by interpreting it as a tautological 
intersection on the space of stable maps. 



1.1. Conventions. We work over the field of complex numbers C. By a 
scheme we mean a scheme of finite type over C. By a variety, we mean a 
separated integral scheme. Curves are assumed to be complete and reduced. 
For a variety X, A^X and A'^X can be taken to be the Chow homology and 
cohomology groups. A'^X and An^^X are identified by the Poincare duality 
isomorphism. For P G A^X, c is the degree of the zero cycle obtained 

by evaluating on /?, where Cfc is the component of c in A^X. If is a 
sheaf over a curve C, h^{C,T) and h^{C,J^) denote the dimensions of the 
cohomology groups H^{C,T) and H^{C,T). 
For any formal series a{t) = X^fcll^a^t'^, we set 

^ dp ■ ■ ■ ^ 



Ap,g(a) = det 



\ O.p-q+1 • • • 0.p / 



2. A STRATIFICATION OF THE SPACE AND ENUMERATIVE GEOMETRY 

Let R^ be the variety of degree d morphisms from to G(2,4). We will 
denote R^ the Zariski open set in corresponding to a morphism bir- 
rational onto its image. The Grothendieck Quot scheme Rd parametrizing 
rank 2 and degree d quotients of a trivial vector bundle Opi, is a natural 
projective scheme compactifying R^. We will call it R^- We consider the 
evaluation map from R^ x to the Grassmannian G(2, 4), and the projec- 
tion map over the first component. 

i?°xPi A G(2,4) 

(1) TTl i 

The pull back of the universal exact sequence on G{2, 4), gives a universal 
exact sequence on R^ which is the restriction of the universal quotient over 

RdX¥K 

For / G R*^, the pull-back under / of the universal quotient on the Grass- 
mannian /* Q, is a bundle of rank 2 on P^ isomorphic to 0pi (a) © Opi (d — a) 
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where < o < |, in particular a < d—a. There is a canonical exact sequence 
^ iV ^ O^i ^ 0{a) e 0(d - a) ^ 

where A'^ is a rank 2 and degree —d bundle. Thus, we get a morphism 
F : ¥{0{a) ® 0{d — a)) — > P'^. The image of this morphism is a scroll. We 
will denote it by Xa^d-a- 

Definition 2.1. For each < a < ^, R'^ ^ is the subvariety of consisting 
of those f eR^^ such that f*Q^ Opi(a) C'pi(d - a). 

Proposition 2.2. is locally closed in R^, irreducible and it has dimen- 
sion 4(i + 4 if d = 2a, and 3d + 5 + 2a, if d > 2a. 

Proof. The set R^ ^ is locally closed by |Sha| . 
Let Fa C PHom(C'^, Opi (a) © Opi {d — a)) be the open set of epimorphisms 

Opi(a) Opi{d-a). 
Fa is in bijection with the set of locally free rank 2 quotients of Opi isomor- 
phic to Opi{a) © Opi{d — a) modulo C*. Let Fa R^a ^he surjective 
morphism such that the image by of each quotient is its class of isomor- 
phism in R^a- '^^^ fibers are isomorphic to P(Aut(Opi(a) Opi{d — a)). 
A dimension calculation yields: 

(1) If a = d — a, 

dim P(Aut(0(a) 0{d - a))) = 3. 

(2) If d - a > a, 

dim P(Aut(C'(a) © 0{d - a))) = d-2a + 2. 

The dimension of Fa is given by 

dim P Hom(0^i , Opi (a) Opi {d - a)) = dim Fa = M + 7. 

By the fiber dimension theorem ( |Shaj . §1.6.3), 

4d + 4 if d = 2a 

3(i + 5 + 2a if d > 2a 



(2) dim i?; 





'd,a 



In particular this proves that the subvarieties ^ are irreducible, because 
Fa is irreducible. □ 

Lemma 2.3. q £ R\^ if and only ifh^{W^,f*Qy (g) C'pi(a)) > 1 and 

h\¥\f;Q'' ®0^.{a-l)) = Q. 

Proof. Let g be a point in -R^^, and : P^ — > G(2,4) the morphism co- 
rresponding to that point. Suppose f*Q decomposes as Opi(a)0Opi((i — a). 
Tensoring with the linear bundle C'pi(a), 

f*q Q"" ® Opi (a) = Opi (2a - d) ® Opi , 
and tensoring with Opi (a — 1), we have 

f*q Q"^ Opi (a - 1) = Cpi (2a - d - 1) © Opi (-1) . 
Since a < d - a, it follows that /i°(P\ (g) Opi (a)) > 1, and 

/i°(IP\/;Q''®Opi(a-l)) = 0. 
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Conversely, if = 0{-n) C'pi(n - d) with n < d - n, then 

/g*Q^ Opi (a) = Opi (n - d + a) e Opi (a - n), 
then /i°(P\ C'pi(a)) > 1 imphes a > n and 

/i°(P\ /*Q^ (g) Of,i{a - 1)) = imphes a < n, therefore n = a and g G i?o ^. 
□ 

Remark 1. We observe that the cases d = 2a and d = 2a + 1 are special. 
In these cases ^ has the maximum dimension. This means that ii^ ^ is 
an open set in and therefore the corresponding degree has already been 
computed in ( [Marj ). 

Remark 2. By the Serre duality theorem and Lemma 12.31 the subvarieties 
^ can also be defined as 

(3) R% = {/ G (P\ r Q Opi(-a - 2)) > 1 and 

/i^ (P\ rQ® Opi(-(a - 1) - 2)) = 0}. 
Note that when d > 2a a slightly stronger result is true: 

g G ^ if and only if 

h\F\ f*Q'' O Opi (a)) = 1 and h^{F\ f*Q'' C'pi(a - 1)) = 0. 

These sets are locally closed by the Semicontinuity Theorem. 

Lemma 2.4. The Zariski closure R^^, of the stratum in R^ coincides 
with 

(4) {f eR^,\h\F\rQ®Opii-a-2)) > 1}. 

Proof. By definition, the closure R^ „ is the minimum closed set containing 
^da- observe that is contained in the set given in (jlj) that it is 
closed, therefore it also contains R^(i,a- Now we notice that every closed set 
containing ^ contains the closed set 

{/Gi?°|/iO(pi,/*Q^0Opi(a)) > 1, and/iO(pi,/*QV0Opi(a-l)) >0}, 

but the second closed condition is satisfied trivially, therefore the closure R^ ^ 
coincides with the set Q. □ 

Remark 3. We observe that if f*Q = C'pi(-n)eC'pi(n-d) with n < d-n, 
h^(f>^J*Q}/ (g, Opi{a)) > 1 implies a > n and therefore 

^°,a = Rla U Rla-l U • • • 

Lemma 2.5. The subvariety R^ ^ parametrizes rational ruled surfaces with 
a minimal directrix of degree a. 

Proof. The projection 

TTa : Opi (a) © Opi {d- a) Opi (a) , 

gives a section P(C'pi(a)) ^ P(/*Q). This section is mapped to a rational 
curve of degree a. A study of the map 

(5) C'pi(a) ©Opi(d-a) ^ Opi(fc), 
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shows that the map is surjective for k > a, therefore is a directrix of 
minimal degree and ^ has a geometrical interpretation as the rational 
ruled surfaces with a minimal directrix of degree a. □ 

3. Change of basis in Pic{Rd). 

In this section we describe geometric generators for the Picard group of 
the Quot scheme Rd- 

We consider the cohomology ring of the Grassmannian G(2, 4) and the 
universal sequence over it: 

(6) 0^A/-^O^(2,4)-Q^0. 

The special Schubert cycles on G(2, 4) are be represented as Chern classes 
of the universal quotient bundle and the universal subbundle: 

Ti = Ci(Q) = Ci(A/'^), n = C2{M), Ta = C2(Q). 

Also, T3 € H2{G{2,4:),Z) will stand for the class of a line and T4 for the 
class of a point in G{2, 4). The Poincare dual of the hyperplane class ci (AA^) 
in ff^(G(2, 4), Z) determines the Pliicker embedding of the Grassmannian 
G{2, 4) as a quadric in P^, that corresponds to a variety of lines in P^. Then 
the cycles defined above, have an interpretation as lines in P^. The cycle Ti 
corresponds to lines in P'^ meeting a given line, Tf, corresponds to lines con- 
tained in a given plane and Ta to lines containing a given point. determines 
the Pliicker embedding. 

Let e : ijj] X P^ — > G(2, 4) be the evaluation map. The following sets of 
morphisms define Weil divisors on iij]: 

(A) The locus of morphisms whose image meets an a— plane Ta in the 
Grassmannian associated to a point P G P^. We denote it by: 

D:={ipGR^a\ e(t,v3)nr, y^0}. 

(B) The set of morphisms Y sending a fixed point t G P^ to a hyperplane 
Ti on the Grassmannian: 

Y :={ipeR^a\ 9?) G Ti for a fixed t € P^}. 

Since the boundary of R^ is of codimension greater than 1 (see [Ber2] ) . 
these divisors extend to divisors in Rd, that is A^{R^) = A^{Rd). Let Y, 
D also denote the divisors on R^- It is clear by the definition that when 
we move the point t € ¥^ we get a linearly equivalent divisor. If we index 
the points ti in P^, Yi will denote the corresponding associated divisor. In 
the same way, every a— plane Ta in G(2, 4) is associated to a point P in 
P^ and if we move the point we also get an equivalent divisor that can be 
indexed as well. The divisors Yi were already considered by Bertram in 
[Berl] where he proved a moving lemma stating that these varieties can be 
made to intersect transversally. S.A. Stromme in |Strj gives a basis for the 
Picard group A^{Rd), formed by the divisors: 



Q = ci(7ri*(£^ vTgOpi (d)) - ci{iTu{£ (g) vrgOpi {d — 1))), 
/3 = ci(7ri,(£' (g)7r^Opi((i- 1)), 
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where £ is the universal quotient over iirfXPi, and TTi, 7r2 are the projections 
maps over the first and second factors respectively. 

Let h be the positive generator of the Picard group of as well as its 
pull-back to iJrf X 

The Chern classes of the universal subbundle /C are described in the proof 
of theorem 5.3 of [Str], that is 

A{Rd>i^^) = {A{Rd)[hl 1/1^ = 0} 

Every class z G ^(-Rd x P^) can be written in the form z = x + hy, with 
y = TTu{h) e A{Rd), and x = 7ru{hz) e A{Rd), 

(7) Ci{}C) =ti + hui.i {l<i<2), 

ti G A^{R(i), Ui G A'^~'^{Rd), i = 1,2 as in [Str] , in particular uq = —d. 

We express the classes ti,ui in terms of the generators a and /3. 
Lemma 3.1. The change of basis is 

a = —ti, 

13 = ui. 

Proof. We need to compute the first Chern class of the bundle, 

Bm = T^l*{£ ® 7r2 0pi(m)). 
By Riemman Roch, we have that 

di{Bm) = 7ri*((l + /i) •ch(£'®7r;Opi(m))). 

The Chern classes of £ can be computed from those of JC: 

ci{£) = — ci(/C) = —ti + dh, 
C2{£) = 4{IC) - C2(/C) = tl - 2dhti - t2 - uih. 
It follows that, 

ci{Bm) = {d-l-m)ti + ui. 

□ 

Lemma 3.2. The change of basis from the a, (3 divisors to the geometric 
divisors defined above is: 

a = Y, 
(3 = -2dY + D. 

Proof. By the universal property of the Grassmannian, the pull back 
under the evaluation map e of the universal exact sequence ^ on G(2,4), 
gives us a universal exact sequence on R^ x P^ which is the restriction of 
the universal one on R^ x P^. Therefore, by the description of the special 
Schubert cycles given, the class [Y] of the divisor Y in the Chow ring A{Rii) 
can be identified with the pushforward of the projection map over the first 
factor 7ri^.(/ie*(Ti)) = 7ri^.(e*(ci(Q)) • h) = 7ri^.(/ici(<5)), where £ is the uni- 
versal quotient over i?^ x P^. Similarly, the class of the divisor D can be 
identified with 7ri*(c2(^)). 

The Riemann-Roch-Grothendieck theorem shows that the geometric divisor 
Y is just the divisor a. Now, we see that [D] = ■j:i^,{t\ — 2tidh — t2 + hui) = 
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—2dti + ui = 2da + P, where /? is the other generator of the Picard group 
of Rd- In particular, this also proves that the divisors D and Y constitute 
a basis for the Picard group A^{Rfi). □ 

Let Pd be the degree of by the morphism induced by the hyperplane 
class in R^. By lemma [321 Pd is the degree of the top codimensional coho- 
mology class given by the selfintersection, 

(8) Pd= I [Yf''+^nm= [ a^''+*n[Rd]. 

J[Rd\ J[Rd\ 
This intersection number is computed in [RRWj via Quantum cohomol- 
ogy. It is a Gromov-Witten invariant and can be obtained too by using the 
formulas of Vafa and Intriligator, [Berlj . 

In [Marj we prove that the intersection Yi n I2 H la n fl . . . n D^d+i has 
no enumerative meaning in R^ and we compute it by reinterpreting it as 
a Gromov-Witten invariant in the Kontsevich moduli space of stable maps 
Mo,4d+4(G'(2, 4), d). For d > 3, this intersection is d? ■ Qd, where Qd is 
the Severi degree of the variety of rational ruled surfaces in P^, and the 
contribution factor comes from the multiple covers. 

4. Classes of strata in the Chow ring of Rd 

In this section we prove that the subschemes ^ extend to a projective 
subscheme representing a Chern class and we compute the classes of the 
closure of the strata in the Quot scheme compactification Rd- 
We consider the universal exact sequence over i?^ x P^, 

(9) o-/C-0^^,p,-^-0. 

Tensoring ([U]) with 7r2C'pi(— a — 2), where 7r2 is the projection map over the 
second factor, we obtain the exact sequence: 

^ /C(8)7r^Opi(-a-2) ^ O^i^j^^OTr^Opi (-a-2) ^ £'07r^0pi (-a-2) ^ 0. 

Let TTi be the projection map over the first factor. The vri* direct image of 
the above sequence yields an exact sequence over Rd'. 

0^^i*(/C®7r^Opi(-a-2)) ^ 7ri,(0^^^pi ^ ^^Opi (-a - 2)) ^ 

®7r*Opi(-a-2)) ^i?Vi*(/C0 7r*Opi(-a-2)) ^ 
^ (O^i vr*Opi (-a - 2)) ^ R^u {£ ® ^l^pi (-a - 2)) ^ 0. 

By applying the Serre duality theorem, it follows that 

(10) i?Vi,(/C0 7r;Opi(-a-2)) ^7ri,(/C^O^^Opi(a))^ 
and by the base Change theorem, their fibers are isomorphic to 

i/i (P\ /C 7r2*Opi (-a - 2) |{,|^pi ) ^ //"(Pi, /C^ ® 7r2*Opi (a) |{,}^pi )'. 

In order to see that the sheaf (|lUp is a bundle, it is enough to check that 
the cohomology group 
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vanishes or that the group H^{F^,JC 7r2 0pi(— a — 2)|{g}xpi) vanishes, by 
the Serre duahty theorem. 

We can assume that /C|{g}xpi — C'pi(~^) © Ofi{n — d) with n > and n < 
d—n, therefore /C®7r2C'pi(— a— 2) ligjxpi — C'pi(— a— 2)©C'pi(n— d— a— 2). 
Since the integers — n — a — 2 and n — d — a — 2 are both negative, the result 
follows. For similar reasons, the sheaf 

(11) iiVi,(O^^^pi®^2*0pi(-a-2)), 
is a bundle over R^. 

Remark 4. Since the universal quotient sheaf £ is flat over the Rd Quot 
scheme, for each q € Rd, Eg := <?|{q}xpi is a coherent sheaf over and 
therefore it can be written as a direct sum of its locally free part plus its 
torsion. By the Riemann-Roch theorem, we have that 

(12) h^iEq) - h^{Eg) = deg (Eg) + rank {Eg){l -g) = d + 2. 

In particular, the degree of Eg is constant for every q E Rd- The sets 

h\Eg) > r, 

where r is an integer, are closed by the Semicontinuity theorem and by the 
identity ()12p . they can be also defined as: 

h°{Eg) >d + 2 + r. 

Lemma 4.1. The Zariski closure Rd,a of the stratum Rda Quot 
scheme compactification Rd coincides with the set: 

(13) {q(^Rd Ih'^ {F\Eg0Opi{-a-2)) >d + 3}. 

Proof. First we observe that R'^^ C Rd,a and that every point in the 
set (I13p is in fact in the closure Rd,a by Lemma 12.31 and the observation in 
Remark [H Now we have to see that every point in the boundary of Rd,a 
belongs to the set (fT3l) . 

A point q £ Rd is in the boundary, if and only if. Eg has a non-zero torsion 
T. The contribution of T to the total degree is given by the formula 

deg {Eg) = deg{F) + h\T), 

where F is the locally free part of Eg. 

A point qa in the boundary of Rd^a is of the form O^i C'pi(a — ai) © 
Opi(6) © Oz^^, or O^i C'pi(a) © Of,i{b - hi) © Oz^,^ with a torsion of 
degree ai > and 6i > respectively, and a + h := d. It obviously satisfies 
the condition (P^,£^q^ (g) Ofi{—a — 2)) > d + 3, and therefore it belongs 
to the set (dll). □ 

Theorem 4.2. Rd,a is the locus where the map 

(14) i?Vi,(/C(g)7r^Opi(-a-2)) ^ i?Vi*(0^^xpi © vr^Opi (-a - 2)) 

is not surjective. R is non-empty and has expected codimension d — 2a — 1 
as a determinantal variety. 

Proof. The map ()14p is not surjective in the support of the sheaf 

(15) i2Vu(i?rf X P\£'©7r^C)pi(-a-2)), 
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that is, in the points q € Rd such that 

/i^(P\ Eq(S)Opi{-a-2)) > 1. 

By the Serre duahty theorem and Lemma 14. H these are the points q € Rd 
such that 

/i°(P\ Eg<E)Opi{-a-2)) >d + 3. 

The non-emptiness follows from the fact that given a vector bundle E = 
Opi{a) © Opi{d — a), it is generated by global sections since by assumption 
a, d — a > and therefore there exists f £ R'^ such that f*Q = E. 

By applying the Serre duality theorem we get that 

(16) i?Vi*(/C®7r*Opi(-a-2)) ^ ^i,(/C^ 7r*Opi (a))^. 

We apply Riemann-Roch in in order to compute the dimension of their 
fibers: 

dim i?°(P\/C'^ 7r^C'pi(a)|{p}xpi) = d + 2a + 2, p e Rd- 

As a consequence 7ri*(/C^ (X" 7r|Opi(a)) is a bundle of rank d + 2a + 2 over 
Rd- 

Again we see by the Serre duality theorem that 

(17) iiVi,(0^^^pi TT^O{-a - 2)) ^ vri,(0^^^pi (g) 7r^O(-a - 2))^ 

Since O^i (g)7r^C'pi(a)|{p} xpi is a locally free sheaf over P-*^, it can be decom- 
posed over P^, so that 

dim i/0(pi,O^^^^pi ®7r*Opi(a)|pixM) =4(a + l). 

As a consequence 7ri*(C^^xpi ^2^pi ("3^)) is a trivial bundle of rank 4a -|- 4 
over that is, 

vri.(0^^,pi^7r2*Opi(a))-0^7^ 
Finally, all these facts give us the following morphism of bundles: 

7ri,(/C^®^2*Cpi(a)) 
The expected codimension of Rd,a as a determinantal variety is: 
((d + 2a + 2) -(4a + 3)) -((40 + 4) -(4a + 3)) =d-2a-l (§ II.4, [ACGHj ^. 



This codimension coincides with the computed codimension of Rda in EI 

n 

4.0.1. Class ofRd.a in A{Rd). 

Lemma 4.3. Rd^a is irreducible and does not have components at infinity. 

Proof. Since the subschemes Rd,a are the closure of the irreducible sets 
Rda^ it follows that they are also irreducible, and consequently cannot have 
components contained at infinity. □ 
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Proposition 4.4. // Rd.a is either empty or has the expected codimension 
d — 2a — 1, its fundamental class is given by the formula: 

[Rd,a] = -Cd-2a-l(vri*(/C^ TTs (Opi (a)))) . 

Proof. By Lemma 14.31 and Theorem 14.2^ the subschemes Rd,a are irre- 
ducible and have the expected codimension as determinantal varieties . The 
formula for their Poincare duals is derived from Porteous formula: 

[Rd,a] = Ad_2a-l,l(Q(-^u(/C^ ® 7r2*(Opl(a))))) 

□ 

Computation of Chern classes. In order to compute the Chern classes of 
the bundle i^uiKy ® 7r|C'pi(a)) we apply the Grothendieck-Riemann-Roch 
theorem, so that 

(18) dii-KuiKy m*2{0^i{a)))) =7ri,(Td(i?dxPVi?d)-ch(/C^(g)7r^Opi(a))). 

(19) Ci[}q = ti + hui-i (l<i<2), 

tj, Ui € A'^{Rii),i = 1, . . . , n — 1 as in |Strj . in particular uq = —d. 

First we compute the Chern classes of /C^ (8i 7r|C'pi(a): 

ci (/C^ (g) vr^ Opi (a) ) = ci (/C^ ) + ci (vr^ Opi (a) ) • Co (/C' ) 
= h{2a + d) -ti, 

C2(/C^ ® 7r2*Opi(a)) = C2(/C^) +ci(/C^) • ci(7r2*Opi(a)) + ci(^2*Opi(a))^ ' co(/C^) 
= —ati h — t2 — hui, 

C3(/C^ ® TTaOpi (a)) = a ht2. 

Let us denote by chj, the i— homogeneous part of the Chern character of a 
bundle. 

cho (/C^ 7r*Opi(a))) = 2, 
chi (/C"^ vTsOpi (a))) = -ti + h{d + 2a), 

di2 {Xy ® TTaOpi (a))) = - 2ti h (2a + d) + 2atih + 2*2 + 2hui], 
chs (/C"^ (g)7r^Opi(a))) = -\[tl - 2, [d + 2a)ht{ + 2,tit2 + ^huiti -Sahtj- 



Lemma 4.5. 

chn (/C^(g)7r^Opi(a)) 



-3ii2 /i — 3a /it2]; 



coeff (tn) ^ 



■1) 



n-l 



n 



■^c,-(/C^C5 7r2*Opi(a)))i^^ 
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Proof. The Chern character of a bundle E is defined by the formula: 

i in 

If we call fjj to the symmetric functions, that is, 

n n 
^arf = Y[{l + Xit), 
r=0 i=l 

we get that 

log (1 + ait + crst^ + ...) = ^05- + Xit) 

i 

= EE-2^^(-^*r = E ^^(E-?n- 

in n 

and from here the formula above follows. □ 
Now applying (fTSll . we have 

di{-nu{Ky ® ^*Opi (a))) = vri, ((1 + h) (ch (/C^ Opi (a)))) . 

Therefore the Chern classes of i:u{Ky vrlOpi (a)) are: 

ci(7ri*(/C^ (g)7r2 0pi(a))) = -ti {a + d + I) + ui, 



C2(7ri,(/C^®7r*Opi(a))) = ]- 



^ (2a + d) - ^ a + 1 (2a + d) - ^wi^i 



Lemma 4.6. 

-V ^ ^ r!ch,,(7ri,(/C^ (g)7r|Opi(a)))c„_^(7ri,(/C^ (g)7r^Opi(a))). 

^-^ n 

r=l 

Proof. For each r > 1 the r'th power sum is: 

P'- = E^i = "^('■)- 
The generating function for the Pr is: 

(20) m = J2prf-^ = EE<*^-^ = El^-^r^- 

r>l i>l r>l j>l * 

i>l 

(21) P(-,) = |,„,£W = ||. 
From ([20]) and (jiroT]) we get that 

n 

nan = y^(-l)'"~Vo-n-r, 
r=l 

and the formula above follows. □ 
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5. Another compactification of the space 

Now we will consider the coarse moduli space Mo,n(G(2, 4), d) of degree 
d Kontsevich stable maps from n-pointed, genus curves to G(2,4). It is 
smooth, has dimension 4(i + 1 + n and there is a universal family over it: 

_ i 
Mo,n+i(G(2,4),d) ^ . G(2,4) 

TTi it (Ji 

Mo,n(G(2,4),d) 

Here 7r„ : Mo,n+i(G'(2, 4), d) Mo,n(G'(2, 4), d) is the forgetful morphism, 
which consists of forgetting the mark pi and CTj is the section corresponding 
to the mark pi. The image of crj is the (closure of the) locus of maps whose 
source curve has two components, one of which is rational, carries just the 
two marks pi and Pn+i and is contracted by //. For n = 3, the space M := 
-^0,3(^(2, 4), d) provides a compactification of the space R'^. The marked 
points yield canonical line bundles = e*(Ti) on via the z-evaluation 
map, where Ti is the hyperplane class in G(2,4). Since the boundary is 
of pure codimension 1 in Mo,n(G'(2, 4), d), each irreducible component is 
a Weil divisor. Let A be the set of components of the boundary. For 
d > 1, Weil divisors are obtained on Mo,n(G(2, 4), d) by considering the 
locus corresponding to maps meeting an a— plane and a 6— plane on the 
Grassmannian. We denote the corresponding classes in Pic{M) Q by ^ 
and B respectively. Let denote the relative dualizing sheaf, then a map 
11 G Mo,n(G'(2, 4), d) is stable if and only if w^ipi + . . . + Pn) tJ*{T^) is 
ample. In particular deg {wt^{pi + . . . + Pn) ® M*(?3)) > 0, so that if £^ C C 
such that dim;u(£') = 0, then deg {wT^ipi + ■ ■ ■ + Pn)) > 0. 

Theorem 5.1. If d > 1, then Pic{M) is generated by A U {^} U {£j}j=i^2,3- 

Proof. Consider the universal family of stable degree d maps of 3-pointed 
curves x ^ G(2,4). By the universal property, there is an injection 

The complement of R^ is the boundary of N, that is, the locus correspon- 
ding to maps with reducible domains. Since the complement of R^ in R^ 
is of codimension greater or equal to 2 (see |Mar j ) . the Picard group of R^ 
coincides with the Picard group of i?^. The divisor A restricted to R^, i.e. 
to the moduli points corresponding to stable maps with irreducible source, is 
linearly equivalent to Di and Ci is linearly equivalently to the corresponding 
divisor 1^. In these points, markings are not necessary since the maps are 
already stable. In section [3l we argued that the divisors Yi and Di constitute 
a basis of A^{R^), so that ^4^+3 (M) is generated by the boundary A and 
the Weil divisors Ci {i = 1,2,3), and A. We note that since Yi ~ 12 ~ ^3 
in R^, each one of the Ci generates the Picard group. □ 
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If d = 0, then Mo,„(G(2, 4), 0) ^ Mo,n x G(2,4) and d is the puh-back of 
(9(3(2,4) (1) from the second factor. 

Boundary of MQ^n(G{2, 4), d). The irreducible components of the boundary 
are in bijective correspondence with the data of weighted partitions {A U 
B, dA, ds), where 

• AU B is a partition of the set of marked points. There are only 2 
possible partitions: 1+2, 3+0. 

• dA + ds = d, dA> 0, ds > 0, 

• if c^A = (resp. ds), then |^| > 2 (resp. \B\ > 2). 

A component (AuB, dA, ds) corresponds generically to a map with a union 
of P"^'s as its domain. Each one gives a curve in G(2,4) of degrees dA and 
ds, respectively. 

5.1. Stratification of M. The stratification of the space given in 12.51 
can be extended to M, we can even compute the classes of the strata in the 
Chow ring A(M), but they have no enumerative meaning. 

5.1.1. Closure of the stratum in M . The closure of the stratum has already 
been studied by I. Coskun in [Cos] by taking flat limits of surfaces in one 
parameter families. 

Let Vd^a denote the closure of -R^ ^ in M. Let be the boundary com- 
ponent corresponding to the degree partition i + {d — i) = d. Geometrically 
these boundary points correspond to reducible curves in the Grassmannian 
G(2,4) of degree i, d — i respectively, or equivalently a union of irreducible 
rational ruled surfaces of degree i and d — i in P^. 

A generic intersection point of the boundary with V^^a corresponds to a 
moduli point, 

[C,pi,p2,P3, H : C G(2,4)], where C = C1UC2 is a union of two P^'s with 
Ai*Q|ci = Opi(ai) eOpi(&i), ai + bi = i and fi*Q\c^ ^ Opi (03) Opi (62), 
a2 + &2 = d—i. The integers aj, bj satisfy aj > 0, bj > 0, +&j) = d and 

oi + 02 < a. This last condition means that the flat limit of the directrices 
is a connected curve of degree a whose restriction to each of the surfaces 
is in a section class. Conversely, given any connected curve C of degree 
a < ^ {oj + bj)/2 whose restriction to each component is in a section class, 
there exists a one parameter family of Xa^ specializing to the reducible 
surface such that the limit of the directrices is C. 

The stratification given in section [2] is extended to M by defining the 
stratum as 

(22) Md,a ■■= {/X G M\h\f,*Q(^ w^{-api)) > 1}. 
This set is a closed subset of M by the Semicontinuity Theorem. 
Proposition 5.2. M^^a is the locus where the map 

(23) R\i,{e*{M) ® w^i-api)) ^ i?V„(e*(0^) w^{-api)) 
is not surjective. 
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Proof. We proceed as in section U considering the long exact sequence: 

Tri^{e*Af Wj,{-api)) ■ni^{e*0'^ ® w-„{-api)) ir^ie* Q®Wj,{-api)) 
R^TT^{e*{M) ® w^{-api)) i2V*(e*(C'^) ® w^{-api)) 

i2V,(e*(Q) (g) w^{-api)) 0. 

The map (f23l) is not surjective in the support of the sheaf -R^7ri*(e*(Q) (g 
w.,^{—api)), that is at the moduh points [C,pi,p2,P3, ^ : C G(2,4)] where 
h}{C,n*Q w-n-{—api)) > 1, and these are the points defining the stratum 
(|2^. □ 



5.1.2. Enumerative geometry of M^^a- We would like to know which points 
in the boundary of M satisfy the condition: 

h^{C,fi*Q®w^{-api)) > 1. 

The next theorem will address this question. 

Recalling the notation of [Mar], Qrf will be the number of rational ruled 
surfaces through Ad + 1— points in P^. The numbers Qd have the following 
geometric interpretation in terms of Q-divisors. The number Qd is the zero- 
cycle ^^'^+^ in the Chow ring of ^0,0(^(2, 4), d). The number will 
denote the zero-cycle A'^'^B, or equivalently the Gromov-Witten invariant, 
/o,4d+i,(i(7'a, — > Tai Tfc). The following table lists the numbers for each 
degree 3 < d < 9. These numbers correspond geometrically to rational ruled 
surfaces of degree d through Ad points in and tangent to a fixed plane. 



d 




Ad 


1 





A 


2 


2 


8 


3 


1824 


12 


4 


3094440 


16 


5 


15383867920 


20 


6 


188115939619440 


24 


7 


3000224401806629008 


28 


8 


219761533783440334862592 


32 


9 


17394248462381072210049044320 


36 



Theorem 5.3. Vd^a C Md^a o-i^-d Vd,a = ^d,a only when a = | — 1. In this 
case, the stratum ^ is of pure codimension 1 and its degree is given by 
the formula 

\d^-{Qd + Q'd)- 

Proof. By semicontinuity (see |Harj . III. 12.8), the points 
[C,pi,p2,P3, fJ^ : C — G(2,4)] in the closure of R^^in M satisfy the condi- 
tion (STTJl The converse is false. We will construct some families satisfying 
the condition but not in the closure of the stratum. 
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Construction. Grothendieck duality implies 

h\C, II* Q® w^{-api)) = h'^{C,fi*Q^ 0{api)). 

For a general boundary point, the source curve C = Ci UC2 is a nodal curve. 
There is a canonical exact sequence: 

0^ fi*Q''\c(^Oiapi)^ ^l*Q''\c,^O{api)®^i*Qy\c,0O{api)^C^ ^0. 
This gives the following injections: 

T 

H'^{C2,fi*Q''\c2^0{api)). 

Since Q = P\ it can be assumed that /x*Q|ci = 0{ai) © 0(61) and 
fi*Q\c2 — 0(^2) © 0(^2) with ai, 02,^1, 62 being integers greater than or 
equal to and satisfying Oi + bi < d. Also we assume that Pj € Ci, so 

that /i°(C2,/i*Q^|c2 ® ©(aPi)) = /i°(C2, 0(-a2) © 0(-62)), and 
h^{Ci, fi*Q''\c, 0{api)) = h^{Ci,0{a - ai) ® 0{a - bi)). 

(1) If a < ai and a = 61, condition 15. 1.2 1 is still satisfied, but these points 
are not in the closure V^.a, (see 15.1.11) . 

(2) If a = ai and 02 = 0, then there exists a family of surfaces degen- 
erating to a union of a cone of degree 62 and a scroll Xa^ ^b-^ , so that 
these points are in the closure. 

(3) If a = ai and 02 > 0, then by (I5.1.ip the union ^ai,fei UXa2,fe2 cannot 
be a flat limit of scrolls. 

The degree of the stratum M d_, . Note that by degree we mean, the number 
of rational ruled surfaces of this specifying type through Ad+ 1 points, which 
we studied in |Mar| . 

For a = f — 1, proposition 12.21 shows that is a one codimensional 
subvariety. Its class {a — d + 1)Y + D in the Chow ring is given 

by Porteous formula in section [2] and Lemma 13.21 Because the divisors in 
the Picard group A^{N) intersect the boundary transversally, it follows by 
()5.ip that this divisor extends in the moduli compactification M, to the 
divisor {a + d — l)Ci + A. Therefore, the degree of the stratum M d_. , that 
is, the degree of the variety parametrizing rational ruled surfaces with a 
minimal directrix of degree f — 1, is the degree of the top codimensional 
class ((a + d — l)Ci + A) ■ A'^'^ • £i • £2 • -^3 on M, determined by general 
a— planes Ta^^, . . . ,Ta^^ and hyperplanes T^^, j = 1,2,3, (see [Marj ) . Now 
since Cj ■ A^"^ = Qd + Qd in the Chow ring A(Mo,i(G(2,4), d)), the result 
follows. □ 
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